
Do Wan Kim

Department of Mathematics, Inha University, 
Incheon, Republic of Korea 

dokim@inha.ac.kr    
http://longlasting.inha.ac.kr

PAGK2019,  November 28-29, 2019

COMPARTMENT MODEL  
FOR VALVELESS PUMPING WITH 

GRAVITY

http://longlasting.inha.ac.kr


Motive: Valveless pumping and the Liebau phenomenon   
▪ Valveless pumping
▪ Liebau phenomenon -  both positive and negative directions of the net flow ( or 
power)  exist due to a simple excitation at an asymmetric position 
▪ Physical model with fluid tanks attached to a valveless tube under the gravity
Energy-Based Lumped Model (ELM):  a  lumped model for valveless 
pumping based on the energy-power  principle 
▪ Physical law between the energy and power
▪ Physical interpolations for the fluid pressure and flux
▪ Mathematical model  describing the underlying physics of fluid
Representative advantages of the ELM
▪ Being able to prove it the energy conservation model
▪ Being able to analyze the relationship between the energy storing and the net 
power direction
▪ It  can perfectly produce the apparent phenomena in fluid – reliability of  ELM

Introduction



Other Models for the valveless pumping

▪ C. G. Manopoulos, 2006, Closed loop model, quasi-1D model
▪ T. T. Bringley, 2008, Closed loop model, Experiment
▪ G. Propst, 2003, Liebau phenomena
▪ M. Gharib, 2005, 2008, impedance pump model
▪ M. Moser, 2004, open tube model, simple analytical analysis
▪ E. Jung, 2007, lumped model for loop
▪ A. I. Hikerson, 2005, Impedance pump 
▪ J. T. Ottesen, 2003, 1D model, closed loop
▪ other models to try to understand the physics of valveless pumping



Energy-Based Lumped Model(ELM) 

Elastic tube model

Rigid tank model



ELM: (1) Flux model  in elastic tube

dual lump of fluid

Qi = vi Āi
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the work done by the friction force

the work done by the pressure force
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F = � 8⇡ µ l̄i Qi

Āi
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the velocity and pressure of the fluid in the circular 
tube(radius a > 0) with a pressure difference

the pressure difference
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the fluid flux passing across the circular tube
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the shear stress exerted on 
the inside of the tube wall
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ELM: (2) Flux model  near attached  fluid tanks

Using the energy-power principle,

the kinetic energy of 
the fluid in tank

Potential energy the kinetic energy 
of the half elastic tube 
attached



the flux model 
between the tank 
and the adjacent 
compartment



ELM: (3) Pressure model

Assumptions in the EPLM h(t)
<latexit sha1_base64="2uupZBYMWWRlw1bLlc6WhIlkFeY="></latexit>

r(t)
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the inner radius of cylindrical compartment
the thickness of cylindrical tube wall
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ELM: (3) Pressure model

AS3

(Pw + dPw)(r + dr)d✓ li n(✓) + (⌧ + d⌧)(s(✓ + d✓)� s(✓))(h+ dh)li = 0
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the force balance between the pressure from fluid and the tension from the tube wall
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ELM: Pressure model

Fluid pressure

Elastic wall pressure Atmospheric pressure

External pressure

Pw
i (t) = Pi(t)� P atm � P ext

i (t)
<latexit sha1_base64="mzU35Cr+L4CYl8tiKPP1DVhnGmc="></latexit>

AS4

dθ
θr

h

x

y

li

E

s(θ)

n(θ)

τ s(θ + dθ)

− τ s(θ)

r + 1
2h

P w n



System of the ELM equations 

Continuity equations of EPLM 



Reliability of the ELM 

(Case i) If we consider the case where the heights of fluid in both tanks are equal at initial 
time and constant radius along the elastic tube is initially assumed as if there is no fluid 
inside, then it is anticipated that the fluid heights in tanks, eventually move down a little to a 
certain height as t goes to infinity. Due to the total volume conservation, the tube has to get 
a little fatter compared to the initial shape to make up for the loss of fluid volume from two 
tanks.

(Case ii) As an another example, it is also interesting that initially different heights of two 
tanks approaches an equilibrium height in the end.

(Case iiI) The EPLM has a symmetry about the change of roles of tanks.

Physical phenomena

Can our ELM  produce these phenomena ? (Yes)



Reliability study:  (Case i)

Static pressure is recovered !!!

P1 ⌘ lim
t!1

Pi(t) = P
atm + ⇢ g H1

<latexit sha1_base64="7/a6xGufQh8jLpKt5eCjZl0xB7A="></latexit>



Reliability study: (Case ii)
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Reliability study: (Case iii)
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Reliability study: (More)
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Energy Conservation  of the ELM

Fluid energy  in the tube
Elastic energy of  the tube
Total  fluid energy in the left tank
Total fluid energy in the right tank







Occurrence of valveless pumping using the ELM



Occurrence of valveless pumping using the EPLM



Occurrence of valveless pumping using the ELM



Energy Storing Effect by valveless pumping



Index for the occurrence of pumping effect proposed by the ELM
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Thank you very much!

Conclusions

(1) Energy-Based Lumped Model(ELM) is developed.
(2) Energy conservation is proved in ELM.
(3)  It passes the reliability tests.  
(4)  The pumping effect can be understood through the 

ELM. 


