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Tumor delays induced by treatment

Mathematical modeling



PK model: Measure drug concentration C from dosing regimens

PK model (two compartments)

dq q,(t)
d_tz = k19, (t) — k12q,(2), C(t) = v

Dosing option

q
d_tl =In(t) —ko1q1(t) — kz1q.1(t) + k12q,(t)
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Reproduction of Simeoni et al. study




PD modeling: Dose-response curve

Dose-response curve

Response (E)
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Sigmoid Emax model

E: Drug effect

E D5 : Half maximum
concentration (ECs, ICsp)
C: Drug concentration

n: Hill coefficient

Emax : Maximum Response
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Transit compartment model (TCM)

kin(u, W) }
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Proliferating cell | ' Transit compartment model describes the way
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TCM is widely used in PKPD study

Tumor inhibition (delay) induced by drug administration is determined by

(i)  Tumor growth (PK model == Drug effect == TCM (first equation))
(i)  Number of transit compartments in TCM (v,,(t))

. How do we determine (ii) ?

. In addition, using (i) and (ii), can we capture various tumor delays?



Fractal PK

. Fick’s law says " "the change of amount of drug per unit area per unit time is proportional to the
change of concentration” i.e.,

dM
dt = —ky(C; = C3)
*  Divide volume and consider the situation yields . ke
dC
E - —keC

. Some drugs do not follow Fick’s law.

. For diffusion-limited reaction, fractal kinetics is used
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Capturing tumor delay caused by drug

Age-structured model: McKendrick (1926) and Von Foerster (1959) model

du
E = kin(u: w) — koue (C,u)

a¢+aq> da
dt da dt

— —,u(a, C)¢(Cl, t)

u : proliferating cells, u(0) = u, * ¢(a,t): damaged tumor cells (age)

C = C(t): drug concentration

w = w(t) = u + y : Total tumor cells

y(t) = fooo ¢(a, t)da : Total damaged tumors cells

¢(0,t) = k,:(C,u) : Boundary condition °* ¢(a,0) = 0 : Initial condition



Modeling for capturing the delays

Hazard rate
— kout (C, ) By the method of characteristics, A

d(a,t) = koye(C(t — ), u(t — a))e"fc?”(“)d“ ,t=>a

6¢+6¢ da
dt da dt

= —,u(a, C)(p(a» t)

™.... Survival function

............. dy T
Ao = kour(Cw) — j u(a)p(a, t)da
0
w=wt)=uty, y© =/, ¢(adda = = ki W) = ke (C,0)
* @(0,t) = koyt(C,u) . Probability density

v _ kout(C' u) — (kout g f)(t)
—

E(t)

Particles stay for time t — a and are removed at age a.



TCM derivation

Using Erlang distribution,

(kya)™ 1

fn(a) = (n—1)! ' kle_kla

Erlang distribution represents time distribution when n events happen

TCM model using linear trick
Y=Yt t+Y and Yn = En(t)z(kout * fn)(t)

du
E = kin(ui W) - kout (Cr u)
dy
— = kowte (C,u) — kq -y, (t)

t = kin(ur W) — kout(Cr u)

dt
d
— = k,,;(C,u) — E,(t) y;t(t) = k1()’1(t) — Y (t))
dyn
ydt(t) = k1(Yn-1() — yu ()

X

Ok. TCM is derived using a specific probability density.



In application: TMC integrating PKPD

kein (u, W) /*

[l

Proliferating cell

PK model

d ¢
f = k191 (t) — kq2q,(t), C(t) = qlT()

dqq

ar —ko1G1(t) — k2191 () + k1292(8) + v(t)
ke (a1, W) = —2" —
<1+(%w) )

e w=1u+ Yy (total tumor)

kout(C: u) =ky-C(t) - u

I
Damaged cell (y)

TCM from Simeoni et al.

du
E = kin - kout
dy
d—tl=k1'C-u—k1 - y1(¢)
dy,(t)
;t = k1(3’1(t) — J’Z(t))
dyn(t)
;t = k1()’n—1(t) — )’n(t))

Ages are discretely considered as n steps




Coxian TCM

Coxian density is derived from Phase distribution

d d . .
D=k fy, L=pikioafios —kif, i=23,n,0<p; <1

n
Key assumption: (1 — p; )y =---= (1 — pn)kn, En(t) = koye * f = Z(kout * fi)(t)
i=1
: kout*fi
Letting on y;= =~ dy, dy;
(1=P1)iey —— = kowt (C,u) — k1yy, = P1k1Yi-1 — K1Y
dt dt
If p; = 0, then it returns to the Erlang TCM. du

dy
E = kin(ur w) — kout(Cr u):a = kout(cr u) — En(t)




Coxian TCM

Coxian density is derived from Phase distribution

 Some cells may be removed without age-stages.
* Relax the condition that is number of transit compartments



Model Simulation
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Anormal kinetics Anormal kinetics

The age of a cell due to drug effect can be considered random variables with pdf f( a,t)

To describe anormal kinetics, one may apply to sum of exponentials or stochastic models

Beard et al (1997) showed that a power function can be represented as the sum of scaled basis
function, i.e

t™% o Y k¥t texp(—k;t),a > 0 usingt™% = f u®texp(—ut) du,a > 0

F(a)
If is there a distribution that sum of power functions?



Let E,(t) = Xm0 ,a € (0,1].

F'(1+an)

Let a suvival function S(t) = E, (— (E)a),r > 0.

But density function is not likely to have a closed form.

Instead, we apply the Laplace transform,

1
s(1+(Ts)~%)"

L, (S(t)) =

(zs)™*

1+(zs)~ @’

Since f = —%, L(f)=1—-5L(S) =

Fractional-order derivative equation (FDE) model derivation
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Figure. Survival function according to a. Survival
function generates distribution.
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Define a kernel K(t) by

Le(f(E) _ _
Lt(K(t)) — LZES(t)z =1 aSl “



du du
—_— = kin(u' W) — kout(C» u) . = kin(u; W) - kout(Cr u)

dt dt
a(p 6(,1) da _ dy B
dt * da dt —#a,O)¢(at) dt Kout (C,u) — (koye * (L)

3@, t) = koue(C(t — @), u(t — @))e™ 0 HOU ey () = (K * S)(L)

E(t) = (kout * f) (t)
Lt(}’(t)) = L (kout)Le(S(t)) and Lt(E(t)) = L (kout) Le(f (1))

L(DE Q) = s LOO —syO | =L ©). Lo(f ()

L(S())

Ly (K(t)) =

—

Lt(D%‘“y(t>)>

‘Lt(E(t)) = Lt(K(t))Lt(Y(t)) =7 %7 ( - =T " L, (D%_aJ’(t)) ‘




Simulation of fractional TCM

For the model simulation, we should assume
y(t), D} ~*y(t) differentiable continuously.
for satisfying semigroup property

y'(t) = Diy(t) = D¥(D1 *y)

E(t) = (koye * () = 779D} %y (1) Finally, we have

du du B

Fri ki,(u,w) — kyy: (C, ‘i) dt — kin = Kout
Dfz=n-C-u—1"%

d_y =k, (C,u) — 7D %y(t)

ar _ rout\t ¢ Y. Dg_“y=Z




Fractional TCM captures data set
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Fractional TCM requires fewer the number of dataset to estimate parameters
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Fractional TCM requires less data to capture full data
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